The Lie algebraic structures of the S-matrices for the affine Toda field theories based on the dual pairs (X
Introduction
The affine Toda field theory [1, 2, 3] is a theory of massive scalar fields in 1+1 dimensions whose lagrangian has the form
The real coupling affine Toda field theory has infinite numbers of commuting conserved charges which lead to diagonal S-matrices. The S-matrices for the theories based on simply-laced algebras (and A
2N algebra) are constructed from the building block [4] , {x} = (x − 1)(x + 1) (x − 1 + B)(x + 1 − B)
, (x) = sinh 1 2 (β + iπx/h) sinh 1 2 (β − iπx/h) .
Here h is the Coxeter number of the algebra, β is the rapidity difference of the two particles participating in the scattering and 0 ≤ B ≤ 2 is a function of the coupling constant conjectured to be [1, 4, 5, 6, 7] B(g) = 2g
In these cases, so called ADE cases, the S-matrix elements can be written in the form:
where a non-negative integer m ab (x) denotes the multiplicity of the building block {x}. Lie algebraic structure for ADE case is well known and the multiplicity m ab (x) has a geometrical representation based on the Coxeter element of the Weyl group [8] . Quantum effects do not change the ratio of the conserved charges characterized by a Lorentz spin. These charges are proportional to the eigenvectors of the Cartan matrix C ab of the associated non-affine Lie algebra.
For theories based on the non-simply-laced algebras, the S-matrices are conjectured in [10] except for the dual pair (F (1) 4 , E (2) 6 ) which was proposed in [11] . In these cases, quantum effects change the ratio of the conserved charges. The flow between the dual pairs, (G In [12] , Dorey observed that the S-matrices for the dual pair (X (β + iπx) sinh 1 2 (β − iπx)
, where h (l)∨ = lh ∨ is the l-th dual Coxeter number of X N [13] . The coupling dependent function 0 ≤ B ≤ 2 is proposed to be [12] B(g) = 2g
Here h ∨ is the dual Coxeter number of X N . S-matrix elements are given by
Here m ab (x, y) denotes the multiplicity of the building block {x, y}. The multiplicity is defined for 1 ≤ x ≤ h and 1 ≤ y ≤ h (l)∨ . It is convenient to define m ab (x, y) for all x, y ∈ Z via following relations:
(1.6)
In section 2, the properties of the multiplicity are described from the side of the untwisted affine Lie algebra X N . A Coxeter element σ of the non-simply-laced horizontal subalgebra X N satisfies σ −h = 1. We introduce a "q-deformation" of the inverse of a Coxeter element σ
q , a "geometrical" expression is obtained for a generating function of the multiplicities.
In section 3, the properties of the multiplicity are described from the side of the twisted affine Lie algebra Y (l) M . A twisted Coxeter elementσ of the simply-laced horizontal subalgebra Y M satisfiesσ −h (l)∨ = 1. We introduce a "p-deformation" of the inverse of a twisted Coxeter elementσ
p , a "geometrical" expression is given for a generating function of some integers which are related to the multiplicities.
In section 4, the conditions for the non-vanishing of the n-point couplings are discussed. The conditions can be formulated in terms of the q-deformed Coxeter element or in terms of the p-deformed twisted Coxeter element. These conditions are equivalent to Dorey's rule [8, 14] generalized to the non-simply-laced cases by Chari and Pressley [15] . They expressed the rule using an ordinary Coxeter element and an ordinary twisted Coxeter element.
In section 5, an integral representation of the S-matrices are given. Section 6 is devoted to conclusion.
2 q-deformed Coxeter element in X Let {α a } (a ∈ J = {1, 2, . . . , N}) be a set of simple roots of the horizontal subalgebra X N . The fundamental weights λ a satisfy (λ a , α b ) = δ ab (α b , α b )/2. Let C ab and I ab (a, b ∈ J) denote the Cartan matrix and the incidence matrix respectively. Fix coprime positive integers t a such that I ab t b = I ba t a . The normalization of simple roots are such that the long roots have length squared equal to two. With this normalization, t a = l(α a , α a )/2.
For fixed x, the integers m ab (x, y) vanish for all but finite numbers of y. The following matrix-valued generating function is well defined:
Let us introduce the following matrices
is a q-number. A case-by-case analysis can be summarized as follows:
and m q (x) satisfy recursion relations
The initial conditions (2.3) and the recursion relation (2.4) uniquely determine m q (x) for all x ∈ Z. The solution is given by
for x > 0 and m q (−x) = −m q −1 (x). Here U x (F ; G) is generated from the generating function
where F and G are not necessary to be mutually commuting objects. If G = 1, U x (F ; 1) is the ordinary Chebyshev polynomial of the second kind. Thus we have obtained a closed form expression of m ab (x, y) based on the data of the incidence matrix only.
In order to give a "geometrical" expression for m q (x), let us consider the following q-deformation of the simple Weyl reflection corresponding to the simple root α a :
It holds that (σ q a ) 2 = 1. This is almost same as the ordinary simple reflection σ a except for the unique combination of the long root α b and the short root α a which are adjacent (i.e. except for I ba = l). Only one simple reflection is deformed.
Corresponding to a Coxeter element
and its q-analogue by
Let denote R a (a ∈ J) the σ-orbit which contains the root φ a . The action of the Coxeter element σ has a period h. So the number of the element of each orbit R a equals to h. Any root of X N is contained in one of N orbits R a : Nh = dimX N − N. φ a is the unique positive root in R a which is mapped into a negative root under the action of σ. Let c(a) = ±1 (a ∈ J) be a two-coloring of the nodes of the Dynkin diagram such that I ab = 0 if a and b have a same color, i.e. c(a)c(b) = 1. It is convenient to choose the Steinberg ordering of a Coxeter element σ [16] :
It is easy to see that
Sum of these two equations leads to a q-analogue of Steinberg identity [16] :
In the Steinberg ordering, φ q a can be expressed by
There are two choice of two-coloring. Only one simple reflection corresponding to the short root α b which is adjacent to the long root is q-deformed. If we choose the color of the node c(b) = 1, then σ q − = σ − . For this particular coloring, φ q a does not depend on q and coincides with φ a . But the following argument works for either colorings.
Let us introduce a linear operator τ q by
Then q-deformation of the Coxeter element and its inverse σ
They have "quasi-periodicity": (σ
For h even, (σ M through the q-deformation. 18) it is possible to show that the multiplicity m ab (2r + 1 + ǫ ab ) has an expression 19) which indeed satisfies the recursion relation (2.4) with the correct initial conditions (2.3).
Here
Thus we have obtained a "geometrical" expression using the q-deformed Coxeter element. This is one of the main results of this paper.
For the simply-laced cases, κ ab = ǫ ab and σ
The above relation becomes
This implies that m ab (x, y) = δ x,y m ab (x) and 20) which is Dorey's geometrical formula [8, 9] .
The conjectured strong-weak duality for the pair (X
M ) implies that the strong coupling affine Toda field theory based on X M . Dorey observed that the twisted Coxeter elementσ plays crucial role in the non-simplylaced cases [9] . In this section, another "geometrical" expression for the multiplicity is given using an analogue of the twisted Coxeter element of the simply-laced horizontal subalgebra Y M .
The twisted algebra Y (l)
M can be constructed from the simply-laced horizontal subalgebra Y M and the Dynkin diagram automorphismω such thatω l = 1. The incidence matrix of Y M is denoted byĨ ij where i, j ∈J = {1, 2, . . . , M}. Let {α i } i∈J and {λ i } i∈J be a set of simple roots and a set of fundamental weights of Y M such that (λ i ,α j ) = δ ij . (The simple roots are normalized to have length square equal to two.) We denote by l i the smallest positive integer such thatω We take the representatives of theω-orbits as J = {1, 2, . . . , N} and identify with the particle species. Let r(i)
The automorphism ω among simple roots {α i } i∈J of Y M is defined through the Dynkin diagram automorphismω as follows:
As was discussed in the previous section, except for the self-dual pair (A
2N , A
2N ), the multiplicity matrix m q ab (x) (2.19) contains a factor [t b ] q . This suggests that the multiplicity can be explained by folding. The A (2) 2N case are excluded in the argument below and will be discussed at the end of this section.
Under the action of the twisted Coxeter elementσ, roots of Y M are grouped intoσ-orbits. The twisted Coxeter element has a period h (l)∨ . For l > 1, this is longer than the period of a Coxeter element of Y M . Everyσ-orbit contains h (l)∨ elements. So the number of theσ-orbits equals to N which is smaller than M, the number of orbits of the Coxeter element.
If we use a particular element of theσ-orbits and the fundamental weightλ i , we will have an N by M matrix. But the multiplicity m(x, y) is an N by N matrix. So we first introduce an auxiliary N by M rectangular matrix n(x, y) whose elements take values in integers, then relate n(x, y) to m(x, y).
Let us introduce a rectangular matrix n ai (x, y) (a ∈ J, i ∈J and x, y ∈ Z) using the following generating matrix of n ai (x, y):
The matrix n p (y) is defined by a recursion relation:
with initial conditions n p (0) = 0 and n p ai (1) = pδ a,ẇ(i) . Here F p = pĨ o P r and G p = D p − pW (Ĩ −Ĩ o )P r . The explicit form of these matrices are given by
Using U x (F ; G) (2.6), n p (y) can be expressed in the following form:
The multiplicity matrix m ab (x, y) is related to n ai (x, y) in the following form:
Thus we have obtained another closed form expression of m ab (x, y) based on the data of the incidence matrix and the automorphism. In order to give a "geometrical" expression, let us consider a deformation of the twisted Coxeter elementσ of Y M [16, 17] :
A rootφ a k is defined byφ
It is convenient to take the Steinberg ordering:
Let us define a linear operatorτ p acting on simple roots of Y M bỹ
Then a "p-deformation" of the inverse of the twisted Coxeter element is defined bỹ
which coincides with the inverse of the ordinary twisted Coxeter element at p = 1. It has "quasi-periodicity":
h C where C is the charge conjugation : C(α i ) =αī. The information of the dual algebra emerges through a p-deformation. We find that n p (y) can be expressed in the following form:
N +1 , we can see thatκ ai equals to ǫ ai . Combining this expression and eq.(3.6), we have another "geometrical" expression using p-deformed twisted Coxeter element. This is also one of the main results of the paper.
The expression (3.13) also give the correct answer for trivial automorphism, i.e. l = 1, J =J. Because l a = 1 for all a, the value of c 0 is irrelevant forκ ab .κ ab coincides with ǫ ab and the inverse of (p-deformed) twisted Coxeter element becomes (p 2 times) inverse of ordinary Coxeter element. Thus m ab (x, y) = n ab (x, y) and
which leads to the Dorey's geometrical formula (2.20) .
In the rest of this section, let us discuss the self-dual case A
2N . In this case, replace the second dual Coxeter number h (2)∨ in eq. (1.5) by the dual Coxeter number h ∨ = 2N +1 and m ab (x, y) = δ x,y m ab (x). Here the multiplicity m ab (x) is given by eq.(1.3) with h = 2N + 1. We have t a = 1. The multiplicity m q ab (x) satisfies the recursion relation (2.4) if we replace I ab by the "generalized incidence matrix" [18] which is the matrix obtained from the incidence matrix of A N algebra I (A N ) by replacing the zero in the last entry along the diagonal by one. The multiplicity can also be expressed using the twisted Coxeter element by
(3.14)
Dorey's Rule
In section 2 and 3, we introduced the deformation of the Coxeter element and twisted Coxeter element. In this section, we discuss the condition when the fusion process occurs in terms of these deformed objects. We also discuss the non-vanishing condition of (quantum) n-point couplings.
In terms of the multiplicity m ab (x, y), the fusing a × b →c occurs if it holds that
for some integersū(0) andū(2). We can treat above relation either from the viewpoint of X M . We first discuss the fusion process from the side of X This holds for any particle species d, so we can see that the fusing a × b →c occurs if and only if there exist some integers r 1 , r 2 , u 1 and u 2 such that
Next, we discuss the fusion process from the side of Y (l)
M . Another way of expressing the fusing is
This must hold for all d. Hence the fusing occurs if and only if there exist some integers r
These relations can be easily generalized to the conditions for n-point couplings among the particles a 1 , a 2 , . . . , a n . The n-point coupling is non-vanishing if and only if there exist integers r i , u i (i = 1, . . . , n) such that
The deformation parameter q carries the information of Y (l) M , the dual of X
N . If one sets q = 1, the q-deformed Coxeter element reduces to the ordinary Coxeter element and the information of the dual part is lost.
Alternatively, in terms ofσ
p , it is possible to say that the n-point couplings does not vanish if and only if there exist some integers r
The deformation parameter p carries the information of X
(1)
M . If one sets p = 1, the p-deformed twisted Coxeter element reduces to the ordinary twisted Coxeter element and the information of the dual part is lost. Generalized Dorey's rule [15] is that the n-point coupling does not vanish if both eq.(4.6) with q = 1 and eq.(4.7) with p = 1 holds. Both of the information comes from X M are necessary to judge if the n-point coupling vanish or not. This is also correct for the generalized bootstrap principle [11] which requires the information on the sign of the residue of the poles for all range of the coupling constant.
Integral representations of the S-matrix
In this section, an integral representation of the S-matrix is given using the data of X (1) M . In expressing the phase shift, an inverse of a matrix C(k) appears. It has very universal form (5.5).
For the dual pair (X
M ), the recursion relation (2.4) leads to an integral representation of the S-matrix. The multiplicity m(x, y) has a property:
where C ab = δ ab is the charge conjugation matrix. Then m
Here 1 N is the N by N identity matrix. Using the above relation, we obtain an integral representation of the S-matrix:
where
3) 6) we can see thatC ab (k) is a symmetric matrix. For k = 0 or B = 0, the matrix C ab (k) coincides with C ab , the Cartan matrix of X N . For ADE cases (l = 1), C ab (k) = δ ab 2 cosh(πk/h) − I ab , which is the same as the case of the minimal ADE S-matrix [19] * . Interestingly, for l = 1, C(k) depends on B but detC(k) does not. Explicitly, detC(k) equals to cosh(πk/2)/ cosh(πk/6) for (G Thus at k = i × (affine exponent), it vanishes. LetẼ be the set of the affine exponents :Ẽ = {s + rh|s ∈ E, r ∈ Z ≥0 }. The matrix C(is) (s ∈Ẽ) has a right (left) eigenvector Q (s)
) with zero eigenvalue.
Using Kramer's formula, we can determine the ratios Q . If we denote the cofactor of C ab (k) by A ab (k) then it factorizes at k = is:
Here d s is independent of the particle species. It is possible to choose Q
Then the S-matrix can be written in the form:
where ǫ β = sgn β. From the above expression, the contribution of modes with Lorentz spin s to the phase shift is easily read off. Only the modes whose spin equals to the exponent of the affine algebra appears. λ s is given by [19] . For k = 0, this relation was observed by Klassen and Melzer [18] .
Especially for the ADE cases,
b λ s has a simple form:
Here the eigenvectors of the incidence matrix are normalized such that s∈E q a is proportional to the right eigenvector of the Cartan matrix of X N . This is consistent with [21, 22] .
Remark: The matrix C ab (k) (5.5) is very universal. For example, C ab (k) for B = 2 appears in an integral representation of the scalar factor of the S-matrix of the X N × X Ninvariant sigma model [20] . It is known that at B = 2, the mass ratios are equal to those of X N × X N -invariant sigma model [4] . The appearance of C(k) orC(k) in the model can be easily seen if we use a slight different expression forC(k):
, (5.12)
a C ab . If we identify πk/h (l)∨ with ω/2 in [20] and take the kernel function K(k) to be 2cosh 1 2 ω except for the case (B 
Conclusion
In this paper, we introduced the deformation of the (twisted) Coxeter element. The indeterminates q (p) carries the information of the dual algebra. The "geometrical" formula for the generating functions of the multiplicities are obtained.
A generalized Dorey's rule can be written in terms of the Coxeter element and the twisted Coxeter element. We find that the equivalent condition can be written in terms of the q-deformed Coxeter element or p-deformed Coxeter element.
Another attempt to explain the structure of the S-matrix of the non-simply laced theories and the twisted theories by folding is found in [23] .
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A The S-matrix in the general building block
In this appendix, we give the S-matrix elements for the non-self-dual pair (X The suffix will be omitted if it equals to one.
A.1 The case (G
2 , D
4 ) A.2 The case (F
4 , E
)
A. 3 The case (C A. 4 The case (B 
